Introduction
A subgroup H of a group G is self-centralizing if the centralizer C G (H) is contained in H. Clearly, an abelian subgroup A of G is self-centralizing if and only if C G (A) = A. In particular, the trivial subgroup of G is self-centralizing if and only if G is trivial.
The structure of groups in which many non-trivial subgroups are selfcentralizing has been studied in several papers. In [5] it has been proved that a locally graded group (that is, a group in which every non-trivial finitely
Lemma 2.2. If G ∈ A is non-abelian group, then Z(G) ≤ Φ(G).
Proof. Let M be a maximal subgroup of G. If M is abelian and Z(G) ≤ M, then MZ(G) = G, hence G is abelian, a contradiction. On the other hand, if M is non-abelian, then Z(G) ≤ C G (M) < M. In conclusion, Z(G) lies in every maximal subgroup of G, thus M ≤ Φ(G).
Lemma 2.3. If G ∈ A is infinite, then every normal subgroup of G is abelian or infinite.
Proof. Let H ✂ G be non-abelian. If H is finite, then so is C G (H) < H, and |G| = [G :
The next three results will be of particular importance in Section 4. Recall that a group element is aperiodic if its order is infinite.
Lemma 2.4. Let G ∈ A. If N is a finite normal subgroup of G, then C G (N) contains all aperiodic elements of G.
Proof. Let x be an aperiodic element of G. Suppose, for a contradiction, that x / ∈ C G (N). Since G/C G (N) embeds into the finite group Aut(N), it is finite. Thus, there exists a positive integer n such that x n ∈ C G (N). Let p be a prime number which does not divide n, so that x p / ∈ C G (N). Then N x p is non-abelian, hence C G (N x p ) < N x p . Since x n ∈ C G (N x p ), there exist s ∈ N and α ∈ Z such that x n = s(x p ) α . Now s = x n−pα ∈ N ∩ x = {1} yields x n−pα = 1, hence n = pα, contradicting our choice of p.
Corollary 2.5. Let G ∈ A. If G is generated by aperiodic elements, then every finite normal subgroup of G is central.
Lemma 2.6. Let G ∈ A and let a ∈ G be non-trivial of infinite or odd order.
If a x = a −1 for some x ∈ G, then x is periodic and its order is a power of 2.
Proof. If x is aperiodic, then a,
β for some α, β ∈ Z. Since x 2 commutes with x, we must have a α = a −α , and a α = 1 follows. Then x 2 = x 3β , which yields the contradiction 2 = 3β. This proves that x must be periodic, say with order n. Suppose n is divisible by an odd prime p. Since a, x p is not abelian,
As before, we can write x 2 = x pβ for some β ∈ Z, that is, pβ = 2 + cn for some c ∈ Z. But this is not possible since p is odd and dividing n.
Let now g ∈ C G ( a, x ). Since a, x is non-abelian, C G ( a, x ) < a, x = a x . Then we can write g = a α x β for suitable α, β ∈ Z. Thus g = g x = a −α x β , hence a 2α = 1 and so a α = 1, that is, g = x β . Since a = a g = a (x β ) , it follows that β is even, and therefore g ∈ x 2 . This completes the proof.
The following results are easy, but useful, observations. Lemma 2.7. A group G is in the class A if and only if C G ( x, y ) < x, y for every pair of non-commuting elements x, y ∈ G.
Corollary 2.8. A finite group G is in the class A if and only if
C G (K) < K for every minimal non-abelian subgroup K of G.
Infinite nilpotent A-groups
Every abelian group lies in A, thus, compared with C-groups, the structure of A-groups which are soluble or nilpotent is less restricted. Our first result reduces the study of nilpotent A-groups to finite nilpotent A-groups. Proof. First let G be an A-group of class c = 2; we show that G is finite. Note that G is metahamiltonian, that is, all its non-abelian subgroups are
and that H ′ ≤ G ′ is finite; thus, to prove that G is finite, it suffices to prove that |Z(H) : H ′ | is finite. Recall that G ′ is a finite abelian p-group, thus, for every positive integer n coprime to p, the commutator formula in [11, Corollary 1.
where (H/H ′ ) n is the subgroup of H/H ′ generated by all n-th powers. Note that K is finite, as it is equal to the p-part of H/H ′ , hence so is Z(H)/H ′ ≤ K. As discussed above, this implies that G is finite.
Now consider an A-group G of nilpotency class c > 2 and use induction on c. Suppose, for a contradiction, that G is infinite. For all a ∈ G \ G ′ , the nilpotency class of a G ′ is less than c. If a G ′ is abelian for all a ∈ G \ G ′ , then G ′ ≤ Z(G) and c ≤ 2, which is a contradiction to our assumption that c > 2. Thus, H = a G ′ is non-abelian for some a ∈ G \ G ′ ; by the induction hypothesis, H is finite. This contradicts Lemma 2.3, thus G is finite.
Let G be a Chernikov p-group, that is, G is an extension of a direct product of a finite number k of Prüfer p-groups by a finite group; the number δ(G) = k is an invariant of G.
Proof. Every finitely generated subgroup of G is nilpotent, so by Theorem 3.1 it is either abelian or finite. This implies that all torsion-free elements of G are central. It follows from [4, Proposition 1]) that G is periodic, hence G is direct product of groups of prime-power order, see for instance [12, Proposition 12.1.1]. In fact, only one prime can occur since G is an A-group, that is, G is a locally finite p-group for some prime p. Since G is non-abelian, there exist non-commuting a, b ∈ G. The subgroup H = a, b is finite and non-abelian, thus C G (H) < H is finite and G has finite Prüfer rank by [7, Theorem 5] . By a result of Blackburn [3] , the group G is a Chernikov p-group. Finally, δ(G) ≥ p − 1 by a result of Chernikov, see for instance [3] .
As a consequence of Proposition 3.2 and [12, 12.2.5] we get the following corollary; recall that a group is hypercentral if its upper central series terminates at the whole group.
Corollary 3.3. Every locally nilpotent A-group is hypercentral.
Theorem 3.1 and Proposition 3.2 reduce the study of nilpotent A-groups to finite p-groups; we provide some results on these groups in Section 6.
Infinite supersoluble A-groups
A group is supersoluble if it admits a normal series with cyclic sections. In this section we describe the structure of infinite supersoluble A-groups completely. If such a group has no involutions, then it must be abelian. Proof. Let G be an infinite supersoluble A-group without elements of even order. Then the set T of all periodic elements in G is a finite subgroup of G by [12, 5.4.9] . As T < G, it easily follows that G is generated by its aperiodic elements, hence T ≤ Z(G) by Corollary 2.5. By a result of Zappa (see for instance [12, 5.4.8] ), the quotient group G/T has a finite series
where each G i is normal in G, each G j+1 /G j is infinite cyclic, and G/G s is a finite 2-group. We claim that each G i ≤ Z(G). Since G 0 = T , this is true for i = 0. By induction on i, let us assume that
, and therefore [a, x] = 1 by Lemma 2.6, a contradiction. This shows that
, and the claim is proved. In particular, G s ≤ Z(G). Since G/G s is a finite 2-group (hence nilpotent), it follows that G is nilpotent. Hence G is abelian by Theorem 3.1. Now we consider infinite supersoluble A-groups with involutions. 
Proof. Let G be an infinite supersoluble A-group which is not abelian. By Zappa's theorem (see [12, 5.4.8] ), there exists a non-trivial normal subgroup C of G such that C has no involutions and G/C is a finite 2-group. Thus C is infinite, and therefore it is abelian by Theorem 4.1. So G/C is non-trivial. We claim that if x ∈ G\C G (C) and
. By Lemma 2.6, the order of x is a power of 2 and
and the claim is proved. Notice that this implies Z(G)
2 ∈ C G (C). But then the same argument as in the previous paragraph shows that s x = s −1 , a contradiction. Thus C G (C) = C G (S), and since S is infinite cyclic, the group G/C G (C) is easily seen to be cyclic of order two.
Since C G (C)/C is a finite 2-group, hence nilpotent, it follows that C G (C) is nilpotent. Thus C G (C) is abelian by Theorem 3.1. Write B = C G (C) and choose x ∈ G so that G = B x . As seen above, x has order 2 n for some n ≥ 1, and a x = a −1 for all a ∈ C. Since G/B has order 2 we get x 2 ∈ B, and so x 2 ∈ Z(G). Therefore Z(G) = x 2 . Our next aim is to prove that for all a ∈ B there exists an integer α with a
Thus aa x = x β for some even integer β = 2γ. If n = 1 then x β = 1, so a x = a −1 and the claim is proved. Thus it remains to consider the case n > 1. If γ is odd, then (ax)
On the other hand x 2 ∈ C G ( c, ax ), so x 2 = 1, a contradiction since n > 1. This proves that γ is even, so 4 divides β, as required. Therefore β = 4α for some integer α.
Now we consider A = {c ∈ B | c x = c −1 }, which is a non-trivial abelian normal subgroup of G. If a ∈ B, then a x = a −1 x 4α , and (ax
where each a i has infinite or odd order and D is a finite 2-group. If D is non-trivial and y ∈ D has order 2, then y x = y, hence y ∈ Z(G); this implies that D has a unique element of order 2. Since D is abelian, this means that D is cyclic, say
, hence the structure of G is as required. For the converse, let G = A x be as in the statement. Then B = x 2 A is abelian and |G : B| = 2. Thus, for every non-abelian H ≤ G there exists y = x i c ∈ H with i odd and c ∈ A. Since G = B y , we have C G (y) = C B (y) y = Z(G) y = x 2 , y . Note that y 2 = x 2i , and so y 2 = x 2 . Thus C G (H) ≤ C G (y) = y ≤ H, hence G ∈ A, as desired.
On soluble A-groups
We now briefly discuss soluble groups in A; we start with a result on the Fitting subgroup of an infinite soluble A-group.
Theorem 5.1. If G ∈ A is infinite, then the Fitting subgroup of G is abelian.
Proof. Suppose the Fitting subgroup F of G is non-abelian, and let a, b ∈ F be non-commuting. Now H = a G b G ✂ G is normal, nilpotent, and nonabelian, so H is finite by Theorem 3.1; this contradicts Lemma 2.3.
In [6] it has been proved that every infinite soluble C-group is metabelian. However, it is not possible to bound the derived length of soluble A-groups, even in the torsion-free case. For example, the standard wreath product of n copies of the infinite cyclic group is a finitely generated soluble commutativetransitive group, and therefore an A-group, with derived length n, see [13, Corollary 18]. Torsion-free polycyclic C-groups are abelian, see [6] ; this result is no longer true for A-groups.
Example 5.2. Let F = a × b be free abelian of rank 2 and G = F ⋊ c , where c is the automorphism of F defined by a c = ab and b c = a. Clearly, c acts fixed-point-freely on F , hence G is commutative-transitive, see [13, Lemma 7] . Thus, G is a torsion-free polycyclic A-group of derived length 2. Recall that an element g of a group G is a right Engel element if for each x ∈ G there exists a positive integer n such that the left-normed commutator [g, n x] = 1. Let R(G) denote the set of all right Engel elements of G. It is shown in [12, 12. 3.2 (ii)] that R(G) contains the hypercenter of G; on the other hand, it is well known that R(G) may be larger than the hypercenter of G even when G is soluble. Proof. Let H ≤ R(G) be non-abelian finite. Then C G (H) < H is finite as G is an A-group, and hence G is locally finite by [7, Theorem 2.4 ]. Proof. Let a and b non-commuting periodic elements contained in the hypercenter of G. Then H = a, b is a finite non-abelian subgroup which is contained in R(G), and the result follows from Proposition 5.4.
Finite A-groups
Here we study finite groups in A, in particular, p-groups. The proof of the following preliminary lemma is similar to the proof of [5, Lemma 2.1].
Lemma 6.1. Let F be a subgroup closed class of finite groups. Then F ⊆ A if and only if for every G ∈ F the following holds: if
For the converse, denote by F n the subset of F of groups of order n, and proceed by induction on n. Clearly, F 1 ⊆ A, so we may assume that n > 1. Let G ∈ F n and let K ≤ G be non-abelian. Let z ∈ C G (K) and define H = K, z ; note that z ∈ C H (K). If H = G, then z ∈ Z(G), hence z ∈ K by assumption. If H < G, then H ∈ F m for some m < n, hence H ∈ A by the induction hypothesis, and therefore z ∈ C H (K) ≤ K.
In conclusion, C G (K) ≤ K for every non-abelian K ≤ G, hence G ∈ A.
Lemma 6.2. Let X be a subgroup closed class of finite groups. Suppose that
Proof. Let G ∈ X \ A be of smallest possible order. Denote the family of all subgroups of G by F . Note that every proper subgroup of G is in A. Let K ∈ F , and let H be a non-abelian subgroup of K. We wish to prove that
we can assume without loss of generality that H = G. Let M be a maximal subgroup of G containing H. As M ∈ A, we conclude that C M (H) ≤ H. Since Z(G) ≤ Φ(G), it follows that Z(G) ≤ C M (H) ≤ H, as required. Now Lemma 6.1 yields F ⊆ A, which contradicts our assumption.
Corollary 6.3. A non-abelian finite group L lies in A if and only if all its maximal subgroups lie in A and Z(L) ≤ Φ(L).
Proof. Clearly, if L ∈ A and M < L is maximal and non-abelian, then
Now consider the converse. Suppose the claim is not true and choose a minimal counterexample, that is, a group L / ∈ A of smallest possible order such that Z(L) ≤ Φ(L) and M ∈ A for all maximal subgroups M < L. Let F be the set of all subgroups of L. Let G ∈ F and K ≤ G be non-abelian. We aim to show that Z(G)
Finite p-groups in A
Motivated by Section 3, we now concentrate on finite p-groups. Recall that a finite p-group G lies in A if and only if every minimal non-abelian K ≤ G satisfies C G (K) ≤ K; in particular, Z(G) ≤ K. Since minimal non-abelian p-groups are classified, this poses strict conditions on Z(G). We denote by Ω 1 (G) the subgroup of G generated by all elements of order p, and G p is the subgroup of G generated by all p-th powers of elements of G. As usual, C n denotes a cyclic group of order n.
Lemma 6.6. Every minimal non-abelian p-group is isomorphic to one of:
Proof. Groups of order p n with n ≤ 3 are abelian or minimal non-abelian, hence lie in A. Let G be a group of order p 4 . If G is abelian, then G ∈ A. If G has maximal class, then every maximal subgroup M < G satisfies Z(G) < G ′ < M; clearly, M ∈ A since |M| = p 3 , hence G ∈ A by Corollary 6.3. Now suppose G has nilpotency class 2, hence G > Z(G) ≥ G ′ ≥ 1. Since every maximal subgroup M < G lies in A, we have G ∈ A if and only if Z(G) ≤ Φ(G). Since G is not abelian, we have |G :
We now consider p-groups of maximal class in more detail; the following remark recalls some important properties.
Remark 6.11. Let G be a group of order p n of maximal class, and suppose n ≥ 4. By [11, p. 56] , there exists a chief series G > P 1 > . . . > P n = 1 with P i = P i (G) = γ i (G) for i ≥ 2, and P 1 = P 1 (G) = C G (P 2 /P 4 ); we define P m = P m (G) = 1 if m > n. Note that [P i , P j ] ≤ P i+j for all i, j ≥ 1. We note that P 2 , . . . , P n are the unique normal subgroups of G of index greater than p, see [11, Proposition 3.1.2]. Following [11, Definition 3.2.1], we say the degree of commutativity of a p-group of maximal class is the largest integer ℓ with the property that [P i , P j ] ≤ P i+j+ℓ for all i, j ≥ 1 if P 1 is not abelian, and ℓ = n − 3 if P 1 is abelian. If n > p + 1, then G has positive degree of commutativity, see [11, Theorem 3.3.5] . If s ∈ G \ P 1 and s 1 ∈ P 1 \ P 2 , then s and s 1 generate G; for i ≤ n define s i = [s i−1 , s]. If G has positive degree of commutativity, then s i ∈ P i \ P i+1 for all i < n, see [ Proof. Let G / ∈ A be a p-group of maximal class that has an abelian maximal subgroup A, and suppose that it is of smallest possible order. Let H be a proper non-abelian subgroup of G. It follows from [1, p. 27, Exercise 4] that H is also of maximal class; now note that H ∩ A is an abelian maximal subgroup of H, since p = |G : A| = |HA : A| = |H : H ∩ A|. Thus, all proper subgroups of G belong to A. Taking F to be the family of all subgroups of G, we get a contradiction similarly as in the proof of Lemma 6.2.
There exist 3-groups of maximal class all of whose maximal subgroups are non-abelian, see [2] . Nevertheless, we can prove the following. Proof. The 2-groups of maximal class are classified and all metacyclic, see [2] , hence they lie in A by Proposition 6.8. Now let G be a 3-group of maximal class of order 3 n with chief series G > P 1 > . . . > P n = 1 as defined above. We proceed by induction on n. It follows from Lemma 6.10 that G ∈ A if n ≤ 4, so let n ≥ 5 in the following. By Lemma 6.12, we can assume that all maximal subgroups are non-abelian. It follows from [11, Corollary 3.3.6 ] that every maximal subgroup M < G either has maximal class, or M = P 1 . In the first case, M ∈ A by the induction hypothesis; also, Z(G) ≤ M since otherwise G = MZ(G), and Z(G)Z(M) ≤ Z(G) yields a contradiction to |Z(G)| = 3. If M = P 1 , then |M ′ | = 3 by [11, Theorem 3.4.3] . It follows from [11, Corollary 3.3.6 ] that M 3 = P 3 . Since M ′ ≤ P 3 , this yields Φ(M) = M ′ M 3 = P 3 , so M/Φ(M) = P 1 /P 3 . This proves that M is a 2-generator group, hence minimal non-abelian by Lemma 6.5, and M ∈ A. Now Corollary 6.3 proves that G ∈ A.
Theorem 6.14. Let G be a p-group of maximal class of order p n . If p ∈ {2, 3} or n ≤ 3, then G ∈ A. If p ≥ 5 and n ≥ 4, then G ∈ A if and only if its 2-step centralizer P 1 (G) is abelian.
Proof. By Lemmas 6.13 and 6.10, it suffices to consider p ≥ 5 and n ≥ 4. For n = 4 the claim follows from the classification in [9, Satz 12.6], so let n ≥ 5. Let G be of maximal class and define G > P 1 > . . . > P n = 1 and s, s 1 , . . . , s n−1 as in Remark 6.11. Clearly, if P 1 is abelian, then G has an abelian maximal subgroup, hence G ∈ A by Lemma 6.12.
For the converse, suppose that G is a counterexample of smallest order. Choose s ∈ G \ P 1 (G) with |C G (s)| = p 2 and s p ∈ Z(G), which is possible by [9, Hilfssatz III.14.13], and consider M = s, P 2 . It is easy to see that M ∈ A has maximal class. Since [P 2 , P 3 ] ≤ P 5 , it follows that P 1 (M) = P 2 . If P 2 is nonabelian, then this yields a contradiction to our choice of G; thus P 2 = G ′ is abelian and G is metabelian. It follows from [2, Theorem 2.10] that G has positive degree of commutativity ℓ > 0, cf. [2, p. 74]; in particular, if n > p + 1, then ℓ ≥ n − p − 1, see [2, Theorem 3.10] . Recall that we assume P 1 is nonabelian, thus Z(P 1 ) = P m for some m ∈ {2, . . . , n − 2}. Since [P 1 , G, P m−1 ] = 1 = [G, P m−1 , P 1 ], the three-subgroup lemma [11, Proposition 1.1.8] shows that [P m−1 , P 1 , G] = 1, hence [P 1 , P m−1 ] = P n−1 = Z(G). The same argument and an induction can be used to show that [P 1 , P m−i ] ≤ P n−i for all i = 1, . . . , m − 1, which implies that ℓ = n − m − 1. Define H = x, y
